We report on the discovery of a transition in rings of coupled electronic circuits in the chaotic regime to a collective periodic state characterized by a time scale that is between two and three orders faster than that corresponding to an isolated circuit. This transition arises from a linear instability in the uniform synchronized state of the ring through a symmetric Hopf bifurcation. The same type of transition is also observed for other coupled chaotic systems, e.g., a ring of Lorenz attractors.
A number of systems of interest in different fields, like physics, chemistry, and biology, among others, can be represented as ensembles of interacting nonlinear oscillators [1, 2] , whose study has uncovered a variety of synchronization behaviors [3] . More recently, coupled chaotic oscillators have been considered [4] [5] [6] , and the relevance of these studies in the case of neuronal assemblies has been advocated [7, 8] .
The aim of this Letter is to present results corresponding to rings of analog circuits in the chaotic regime that are coupled unidirectionally by using a method initially intended for chaotic synchronization [9] , which consists of a modification of a method able to achieve synchronization in chaotic systems through driving [10] . It is found that these oscillators exhibit a transition to an emergent behavior that can be characterized as a high frequency periodic discrete rotating wave. This collective state arises from an instability in the uniform synchronized chaotic behavior of the ring.
Linear instabilities were already discussed by Turing [11] as pattern forming mechanisms in rings of homogeneous systems. In this instability patterns with medium or long wavelengths are selected [12] . More recently, it has been shown that diffusively coupled chaotic oscillators may yield a short wavelength instability [13] that, however, does not yield a stable pattern in the ring. The appearance of rotating waves in reaction-diffusion systems with a ring geometry has been reported both experimentally [14] and numerically [15, 16] . These rotating waves appear when the homogeneous state becomes linearly unstable through a Hopf bifurcation [17] .
Let us discuss now the experimental setup and main results of this Letter. A board containing four Chua's circuits in the chaotic regime was designed [6] . The components of the circuits are defined by ͑C 1 , C 2 , L, r 0 , R͒ ͑12 nF, 100 nF, 10 mH, 9 V, 1 kV͒. The circuits were sampled with a digital oscilloscope (Hewlett-Packard 54601) with a maximum sampling rate of 20 3 10 6 samples per second, 8 bit A/D resolution, and a record length of 4000 points.
The four circuits were connected unidirectionally through driving [6, 9] and in a ring geometry; i.e., the arrangement is such that the fourth circuit drives the first one. Figure 1 shows the design corresponding to one of such circuits, where the nonlinear diode N R has a negative conductance characteristic curve (see, e.g., Ref. [18] ) that makes the circuit active.
In Fig. 2 (a) the behavior of the potential difference across the extremes of capacitor C 1 is represented as a function of time for an isolated circuit; i.e., the connections between neighbors are not operating. In turn, Fig. 2 two contiguously connected circuits, differing by a phase of approximately p͞2 radians. In Fig. 2 (c) a phase portrait of the potential differences across capacitor C 1 for one circuit versus the same quantity for the preceding circuit that is driving it can be found. In turn, Fig. 2 (d) contains the same kind of representation for circuits not physically linked (and that would be in a diagonal in Fig. 1 ). These two voltages differ by a phase of approximately p radians. The most striking feature of this behavior is the disparity in the time scale of this collective behavior when compared to that of the isolated systems. Notice that in Fig. 2 (a) the time scale at which the oscilloscope is sampling, which corresponds to the side of the small squares, is 1.0 ms, while in Fig. 2 (b) the time scale at which the oscilloscope is sampling is 2.0 ms; i.e., the side of a small square in Fig. 2(b) is 500 times smaller than in the case of Fig. 2 
(a).
It is also important to notice that while the behavior of the isolated circuits is chaotic, the collective behavior in the ring is periodic, almost sinusoidal.
The evolution equations, written in rescaled dimensionless form, for a ring of Chua's circuits connected as shown in Fig. 1 are [18] 
with a C 2 ͞C 1 , b C 2 ͞LG 2 , and g C 2 r 0 ͞LG. The three-segment piecewise-linear characteristic of the nonlinear resistor (Chua's diode) is given by
where a and b are the slopes of the inner and outer regions, respectively, of f͑x͒. Coupling is introduced through x j x j21 , where it is to be understood that
However, a deeper understanding of the mechanism behind the experimental behavior just described is made obscure due to the fact that one is not able to find this behavior in simulations of Eq. (1). What one observes instead is a breakdown of chaotic synchronization that does not lead to the periodic rotating wave presented in Fig. 2 . The reason is probably that the high frequency of the waves represented in Fig. 2(b) changes the characteristic linear behavior of the operational amplifiers appearing in the setting, which are present in the implementation of the nonlinear diode and also in the coupling elements in order to avoid back currents. Anyway, it is important to notice that numerical simulations with SPICE [19] , where a real electronic model for the operational amplifiers used in Chua's circuit is implemented, are in perfect agreement with the experimental results shown in Fig. 2(b) .
In addition, this type of transition to a rotating-wave periodic behavior has been found in numerical simulations of other chaotic models, e.g., for the case of a ring of Lorenz systems [20] connected in the form,
where x j x j21 . This fact implies that the origin of the rotating wave is to be traced in general features of symmetry in rings of unidirectionally coupled nonlinear oscillators.
The instability arising in rings of chaotic systems can be studied by performing a linear stability analysis of the differences in the variables between contiguous systems [4] . The coupled problem for the N oscillators of dimension m can be block-diagonalized [4, 11] 
with e k exp͑i2pk͞N͒ and k 0, . . . , ͑N 2 1͒.
The chaotic synchronized behavior is characterized by steady state (or fixed point) dynamics in the differences between contiguous variables. From the linear analysis (4), one can see that the uniform synchronized state will be stable whenever the transverse Lyapunov spectrum is negative [4] . This spectrum is defined from the infinite time limit of the eigenvalues of the C ͑k͒ matrices with k fi 0. An instability in the uniform synchronized state will occur whenever one (or more) of these transverse Lyapunov exponents become positive. It is found that the most unstable mode has a long or medium wave number k, occurring, in particular, for k 1 at the onset of the instability. The existence of such an instability can be guaranteed from the fact that the highest Lyapunov exponent corresponding to the uniform chaotic synchronized (k 0) mode is always positive.
The reason for this is that the exponent is identical to the one corresponding to an isolated chaotic system, as can be easily seen in Eq. (5) from the fact that e 0 1, which implies that C ͑0͒ is the error growth of an uncoupled Lorenz system. The difficulty here when comparing to the studies of Refs. [15] [16] [17] is that now the matrices (5) do not have constant coefficients, namely x͑t͒, y͑t͒, and z͑t͒, making the analysis more difficult. This implies that the bifurcation condition cannot be defined locally from a rigorous point of view, and one needs to consider the limit of the real part of the eigenvalues when time goes to infinity, which defines the Lyapunov spectrum. Notice that the e k exp͑i2pk͞N͒ factor in (5) implies that the tangent space is complex.
The Hopf bifurcation mechanism, being in the origin of the appearance of a rotating wave at the local level, is allowed by the symmetry of the system [21] . It is found that the symmetry induced by the unidirectional character of the coupling makes the eigenvalues of the C ͑k͒ matrix to be a complex conjugate of the eigenvalues of C ͑N2k͒ . This can be easily seen by taking into account that all the terms in the linearized matrix (5) are real, except e k , and it can be easily shown that e k and e ͑N2k͒ are complex conjugate one to each other. This implies that one needs a single eigenvalue of the complex matrix C ͑k͒ to cross the imaginary axis not at the origin, as symmetry guarantees that the complex conjugate of this eigenvalue, which will be present as an eigenvalue of C ͑N2k͒ , will also cross the origin, and the conditions for Hopf bifurcation to occur are fulfilled. In this context it is to be understood that the eigenvalues have an instantaneous meaning, as they are defined at a given time. Notice that the present situation differs from the case of diffusive coupling, in which the modes k and ͑N 2 k͒ are identical [13] .
The time-dependent nature of the coefficients of (5) at the onset of the instability implies that the instability cannot be characterized analytically. One can obtain information on the asymptotic behavior of the real part of the eigenvalues by determining the Lyapunov spectrum of the corresponding unstable Fourier mode, and these can be obtained by generalizing the procedure of Ref. [22] to the case of a complex vector space. However, this procedure gives no information about the imaginary part of these eigenvalues. One can obtain some approximate information by replacing the nonconstant coefficients of the C ͑k͒ by their average values [23] , as this yields a problem with constant coefficients from which the real and imaginary parts of the corresponding eigenvalues can be determined. For the case of a ring of Lorenz systems, it can be shown that this procedure yields eigenvalues whose real part is approximately parallel to those numerically determined from Eq. (5).
These studies show that the instability occurs for low values of N through a pair of complex conjugate eigenvalues, one corresponding to the C ͑1͒ and C ͑N21͒ Fourier modes, respectively. The N 4 case shown in Fig. 2(b) has a p͞2 phase lag between contiguous oscillators, characteristic of the form of the k 1 Fourier mode at the instability. For other values of N this phase will be 2p͞N, and this has been shown through realistic simulations using SPICE [19] . These simulations also show that the instability occurs already with the N 2 ring. Instead, in the case of a ring of Lorenz systems the instability appears first for the N 3 ring. In general, the system will choose a pattern with a long or medium wavelength, as in the case of the Turing instability [12] . For larger rings several modes may coexist, which may lead to a behavior in which the amplitude is no longer constant, characteristic of the coexistence of several modes.
All the evidence supports the fact that the instability is initiated at the local level through a Hopf bifurcation, but the fact that the rotating waves are not chaotic, but periodic, indicates that ultimately the transition to a periodic state is determined by nonlocal features of the dynamics; i.e., it probably occurs through a secondary bifurcation that ultimately defines the features of the obtained stable pattern. This feature is at variance of the short wavelength instability reported in Ref. [4] , which does not lead to a stable pattern in the ring. The latter instability does not emerge from a Hopf bifurcation, because in this case the Fourier modes k and N 2 k have identical, and not complex conjugate, eigenvalues. Instead, its characteristic short wavelength behavior arises from the fact that in some diffusively coupled systems, increasing the strength of the coupling leads to destabilization of the synchronous chaotic state, where the instability will first appear for the largest possible value of k.
This kind of behavior associated to a phase difference between contiguously coupled circuits presents some resemblance to the so-called antiphase solutions (also called splay states and ponies on a merry-go-round) found for some physical systems like coupled Josephson junctions [24] , electrical circuits [25] , and multimode lasers [26] . However, in the case of the antiphase solutions reported in these studies, this behavior appears in the case that the oscillators are globally coupled. In our case the coupling is only between nearest neighbors and unidirectional, characterized in mathematical terms by the symmetry of the cyclic group Z n . In the framework of the theory of Hopf bifurcation in the presence of symmetry [27, 28] the Z n group leads to symmetry breaking to a state with mixed spatiotemporal symmetry, consisting precisely in periodic rotating waves [21] .
To summarize, we have presented experimental evidence and some arguments to support the transition in rings of coupled chaotic Chua's circuits to a periodic state characterized by a high frequency. The appearance of this state might be explained by a symmetry breaking that appears due to a Hopf bifurcation, which, conditioned by the symmetry of the ring, leads to a transition to a branch of rotating-wave periodic solutions. Rings of coupled oscillators have been long ago [11] advocated as useful models in several biological contexts [21] . Thus, it is interesting to realize that the observed periodic behavior in some such contexts can also arise from purely chaotic dynamics, as is the case of the present study.
It would be tempting to speculate on the possible usefulness of the behavior induced by such an instability in a neuronal context. It is well known that although neurons are quite slow when compared to silicon chips, they are able to achieve useful computation at a relatively high speed. Mechanisms allowing for dynamical collective behaviors that are much faster than those characteristic of the isolated units might be useful in explaining why synchronization and segmentation among areas of the brain that are quite apart from the point of view of the velocity of propagation of information is possible, as suggested by physiologists [29] .
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